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Abstract

A theorem is proved including Dirac's two well-known theorems (1952) as particular
cases.

Keywords: Hamilton cycle, Longest cycle, Longest path, Minimum degree.

1 . In t r o d u c t io n

W e c o n s id e r o n ly u n d ir e c t e d g r a p h s wit h n o lo o p s o r m u lt ip le e d g e s . Fo r a g r a p h G, we u s e n
a n d c t o d e n o t e t h e o r d e r a n d t h e c ir c u m fe r e n c e ( t h e o r d e r o f a lo n g e s t c yc le ) o f G. A g r a p h
G is h a m ilt o n ia n if G c o n t a in s a H a m ilt o n c yc le , t h a t is a s im p le c yc le C wit h jCj = c = n.
A g o o d r e fe r e n c e fo r a n y u n d e ¯ n e d t e r m s is [1 ].

Th e e a r lie s t t wo n o n t r ivia l lo we r b o u n d s fo r t h e c ir c u m fe r e n c e we r e d e ve lo p e d in 1 9 5 2
d u e t o D ir a c [2 ] in t e r m s o f m in im u m d e g r e e ± a n d p - t h e o r d e r o f a lo n g e s t p a t h in G,
r e s p e c t ive ly.
T heor em A: [2 ]. If G is a 2-connected graph, then c ¸ m in fn; 2 ±g.
T heor em B : [2 ]. If G is a 2-connected graph, then c ¸ p

2 p.
In t h is p a p e r we p r e s e n t a c o m m o n g e n e r a liz a t io n o f Th e o r e m A a n d Th e o r e m B , in c lu d -

in g b o t h ± a n d p in a c o m m o n r e la t io n a s p a r a m e t e r s .
T heor em 1: If G is a 2-connected graph, then

c ¸

8
>>>>>><
>>>>>>:

p; wh e n p · 2 ±;

p ¡ 1 ; wh e n 2 ± + 1 · p · 3 ± ¡ 2 ;

q
2 p ¡ 1 0 + ( ± ¡ 7

2
) 2 + ± + 1

2
; wh e n p ¸ 3 ± ¡ 1 :

S in c e G is 2 -c o n n e c t e d , we h a ve n ¸ 3 . If p · 2 ±, t h e n b y Th e o r e m 1 , c ¸ p, im p lyin g
t h a t c = p = n ( G is h a m ilt o n ia n ) a n d c = p >

p
2 p. N e xt , if 2 ± + 1 · p · 3 ± ¡ 2 , t h e n b y

Th e o r e m 1 , c ¸ p ¡ 1 . S in c e p ¸ 2 ± + 1 ¸ 5 , we h a ve c ¸ p ¡ 1 ¸ 2 ± a n d c ¸ p ¡ 1 >
p

2 p.
Fin a lly, if p ¸ 3 ± ¡ 1 , t h e n

s

2 p ¡ 1 0 +
µ
± ¡ 7

2

¶2

¸
s

2 ( 3 ± ¡ 1 ) ¡ 1 0 +
µ
± ¡ 7

2

¶2

= ± ¡ 1

2
;
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im p lyin g t h a t c ¸ 2 ± ( b y Th e o r e m 1 ) a n d

µ
± +

1

2

¶ s

2 p ¡ 1 0 +
µ
± ¡ 7

2

¶2

+ ±2 ¡ 3 ± +
5

4

¸
µ
± +

1

2

¶µ
± ¡ 1

2

¶
+ ±2 ¡ 3 ± +

5

4
= ( ± ¡ 1 ) ( 2 ± ¡ 1 ) > 0 :

Ob s e r vin g t h a t t h e in e qu a lit y

µ
± +

1

2

¶ s

2 p ¡ 1 0 +
µ
± ¡ 7

2

¶2

+ ±2 ¡ 3 ± +
5

4
> 0

is e qu iva le n t t o s

2 p ¡ 1 0 +
µ
± ¡ 7

2

¶2

+ ± +
1

2
>

q
2 p;

we c o n c lu d e ( b y Th e o r e m 1 ) t h a t c >
p

2 p.
Th u s , Th e o r e m 1 yie ld s Th e o r e m A a n d is s t r o n g e r t h a n Th e o r e m B .
To s h o w t h a t Th e o r e m 1 is b e s t p o s s ib le in a s e n s e , o b s e r ve ¯ r s t t h a t in g e n e r a l, p ¸ c,

t h a t is c = p wh e n p · 2 ±, im p lyin g t h a t t h e b o u n d c ¸ p in Th e o r e m 1 c a n n o t b e r e p la c e d
b y c ¸ p + 1 . On t h e o t h e r h a n d , t h e g r a p h K±;±+1, wh e r e p = 2 ± + 1 a n d c = 2 ± = p ¡ 1
s h o ws t h a t t h e c o n d it io n p · 2 ± c a n n o t b e r e la xe d t o p · 2 ± + 1 . In a d d it io n , t h e g r a p h
K±;±+1, wh e r e c = p, s h o ws t h a t t h e b o u n d c ¸ p ¡ 1 ( wh e n 2 ± + 1 · p · 3 ± ¡ 2 ) c a n n o t b e
r e p la c e d b y c ¸ p. Fu r t h e r , t h e g r a p h K2 + 3 K±¡1, wh e r e n = p = 3 ±¡ 1 a n d c = 2 ± · p¡ 2
s h o ws t h a t t h e c o n d it io n p · 3 ± ¡ 2 c a n n o t b e r e la xe d t o p · 3 ± ¡ 1 . Fin a lly, t h e s a m e
g r a p h K2 + 3 K±¡1, wh e r e p = 3 ± ¡ 1 a n d

c = 2 ± =

s

2 p ¡ 1 0 +
µ
± ¡ 7

2

¶2

+ ± +
1

2
;

s h o ws t h a t t h e b o u n d
q

2 p ¡ 1 0 + ( ± ¡ 7
2
) 2 + ± + 1

2
in Th e o r e m 1 c a n n o t b e im p r o ve d t oq

2 p ¡ 1 0 + ( ± ¡ 7
2
) 2 + ± + 1 .

Fo r a s p e c ia l c a s e wh e n 2 ± + 1 · p · 3 ± ¡ 2 , we u s e t h e r e s u lt o f Oz e ki a n d Y a m a s h it a
[3 ].
T heor em C: [3 ]. L et G be a 2-connected graph. Then either

( i ) c ¸ p ¡ 1 o r
( ii) c ¸ 3 ± ¡ 3 o r
( iii ) · = 2 a n d p ¸ 3 ± ¡ 1 .

2 . N o t a t io n a n d P r e lim in a r ie s

Th e s e t o f ve r t ic e s o f a g r a p h G is d e n o t e d b y V ( G ) a n d t h e s e t o f e d g e s - b y E ( G ) . Th e
n e ig h b o r h o o d o f a ve r t e x x 2 V ( G ) will b e d e n o t e d b y N ( x ) . W e u s e d( x ) t o d e n o t e jN ( x ) j.

P a t h s a n d c yc le s in a g r a p h G a r e c o n s id e r e d a s s u b g r a p h s o f G. If Q is a p a t h o r a c yc le ,
t h e n t h e o r d e r o f Q, d e n o t e d b y jQj, is jV ( Q ) j. W e wr it e a c yc le Q wit h a g ive n o r ie n t a t io n

b y
¡!
Q . Fo r x; y 2 V ( Q ) , we d e n o t e b y x

¡!
Qy t h e s u b p a t h o f Q in t h e c h o s e n d ir e c t io n fr o m

x t o y. Fo r x 2 V ( Q) , we d e n o t e t h e h-t h s u c c e s s o r a n d t h e h-t h p r e d e c e s s o r o f x o n
¡!
Q

b y x+h a n d x¡h, r e s p e c t ive ly. W e a b b r e via t e x+1 a n d x¡1 b y x+ a n d x¡, r e s p e c t ive ly. Fo r
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U µ V ( Q ) , U+ = fu+ju 2 Ug a n d U¡ = fu¡ju 2 Ug. W e s a y t h a t ve r t e x z1 p r e c e d e s ve r t e x

z2 o n
¡!
Q if z1, z2 o c c u r o n

¡!
Q in t h is o r d e r , a n d in d ic a t e t h is r e la t io n s h ip b y z1 Á z2. W e

will wr it e z1 ¹ z2 wh e n e it h e r z1 = z2 o r z1 Á z2.
L e t P = x

¡!
P y b e a p a t h . A vin e o n P is a s e t

fLi = xi
¡!
L iyi : 1 · i · mg

o f in t e r n a lly-d is jo in t p a t h s s u c h t h a t

( a ) V ( Li ) \ V ( P ) = fxi; yig ( i = 1 ; :::; m) ,
( b ) x = x1 Á x2 Á y1 ¹ x3 Á y2 ¹ x4 Á ::: ¹ xm Á ym¡1 Á ym = y o n P .

T he Vine Lemma: [4 ]. L et G be a k-connected graph and P a path in G. Then there are
k ¡ 1 pairwise-disjoint vines on P .

Th e n e xt t h r e e le m m a s a r e c r u c ia l fo r t h e p r o o f o f Th e o r e m 1 .

Lemma 1: L et G be a connected graph and P = x
¡!
P y a longest path in G.

( i ) If xz; yz¡ 2 E ( G ) for some z 2 V ( x+¡!P y ) , then c = p = n, that is G is hamiltonian.
( ii) If d( x ) + d( y ) ¸ p, then c = p = n.

( iii ) L et yz1; xz2 2 E ( G ) for some z1; z2 2 V ( P ) with x Á z1 Á z2 Á y and jz1
¡!
P z2j ¸ 3 .

If xz; yz 62 E ( G) for each z 2 V ( z+
1

¡!
P z¡

2 ) and d ( x) + d ( y ) ¸ p + 3 ¡ jz1
¡!
P z2j, then c = p.

Lemma 2: L et G be a 2-connected graph and fL1; L2; :::; Lmg be a vine on a longest path of
G. Then

c ¸ 2 p ¡ 1 0

m + 1
+ 4 :

Lemma 3: L et G be a connected graph and fL1; L2; :::; Lmg be a vine on a longest path

P = x
¡!
P y of G. Then either c = p or c ¸ d( x ) + d( y ) + m¡ 2 .

3 . P r o o fs

P r oof of Lemma 1: ( i ) L e t xz; yz¡ 2 E ( G ) fo r s o m e z 2 V ( x+¡!P y ) . Th e n c ¸
jxz

¡!
P yz¡Ã¡P xj = p. If V ( G) = V ( P ) , t h e n c le a r ly c = p. Ot h e r wis e , r e c a llin g t h a t G is

c o n n e c t e d , we c a n fo r m a p a t h lo n g e r t h a t P , a c o n t r a d ic t io n .

( ii) L e t d( x ) + d( y ) ¸ p. If xz; yz¡ 2 E ( G) fo r s o m e z 2 V ( x+¡!P y ) , t h e n we c a n a r g u e
a s in ( i) . Ot h e r wis e N ( x ) \ N+ ( y ) = ;. Ob s e r vin g a ls o t h a t x 62 N ( x) [ N+ ( y ) , we g e t

p ¸ jN ( x ) j + jN+ ( y ) j + jfx1gj

= jN ( x) j + jN ( y ) j + 1 = d( x ) + d( y ) + 1 ;

c o n t r a d ic t in g t h e h yp o t h e s is .
( iii ) A s s u m e t h e c o n t r a r y, t h a t is c · p ¡ 1 . Th e n b y ( i ) , N ( x ) \ N+ ( y ) = ;. Cle a r ly,

x 62 N ( x) [ N+ ( y ) . Fu r t h e r , b y t h e h yp o t h e s is ,

V ( z+2
1

¡!
P z¡

2 ) \ ( N ( x ) [ N+ ( y ) ) = ;;

im p lyin g t h a t

p ¸ jfxgj + jN ( x) j + jN+ ( y ) j + jV ( z+2
1

¡!
P z¡

2 ) j
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= d( x ) + d( y ) + jz1
¡!
P z2j ¡ 2 ;

c o n t r a d ic t in g t h e h yp o t h e s is . Th u s , c = p. L e m m a 1 is p r o ve d .

P r oof of Lemma 2: L e t P = x
¡!
P y b e a lo n g e s t p a t h in G. P u t

Li = xi
¡!
L iyi ( i = 1 ; :::; m) ; A1 = x1

¡!
P x2; Am = ym¡1

¡!
P ym;

Ai = yi¡1
¡!
P xi+1 ( i = 2 ; 3 ; :::; m ¡ 1 ) ; Bi = xi+1

¡!
P yi ( i = 1 ; :::; m¡ 1 ) ;

jAij ¡ 1 = ai ( i = 1 ; :::;m ) ; jBij ¡ 1 = bi ( i = 1 ; :::;m ¡ 1 ) :

B y c o m b in in g a p p r o p r ia t e Li; Ai; Bi, we c a n fo r m t h e fo llo win g c yc le s :

Q1 =
m[

i=1

Ai [
m[

i=1

Li;

Q2 =
m¡1[

i=1

Ai [ Bm¡1 [
m¡1[

i=1

Li;

Q3 =
m[

i=2

Ai [ B1 [
m[

i=2

Li;

Ri = Bi [ Ai+1 [ Bi+1 [ Li+1 ( i = 1 ; :::; m¡ 2 ) :

S in c e jLij ¸ 2 ( i = 1 ; :::;m ) , we h a ve

c ¸ jQ1j =
mX

i=1

ai +
mX

i=1

( jLij ¡ 1 ) ¸
mX

i=1

ai + m;

c ¸ jQ2j = bm¡1 +
m¡1X

i=1

ai +
m¡1X

i=1

( jLij ¡ 1 ) ¸ bm¡1 +
m¡1X

i=1

ai + m ¡ 1 ;

c ¸ jQ3j = b1 +
mX

i=2

ai +
mX

i=2

( jLij ¡ 1 ) ¸ b1 +
mX

i=2

ai + m ¡ 1 ;

c ¸ jRij = bi + ai+1 + bi+1 + jLi+1j ¡ 1

¸ bi + ai+1 + bi+1 + 1 ( i = 1 ; :::; m ¡ 2 ) :

B y s u m m in g , we g e t

( m + 1 ) c ¸
Ã

2
mX

i=1

ai + 2
m¡1X

i=1

bi

!
+ 2

m¡1X

i=2

ai + 4 m ¡ 4

¸ 2

Ã
mX

i=1

ai +
m¡1X

i=1

bi + 1

!
+ 4 m ¡ 6 = 2 p + 4 m ¡ 6 ;

im p lyin g t h a t

c ¸ 2 p ¡ 1 0

m + 1
+ 4 :

L e m m a 2 is p r o ve d .
P r oof of Lemma 3: If m = 1 , t h e n xy 2 E ( G ) a n d b y L e m m a 1 ( i ) , c = p. L e t m ¸ 2 .

P u t Li = xi
¡!
L iyi ( i = 1 ; :::; m ) a n d le t

Ai; Bi; ai; bi; Qi
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b e a s d e ¯ n e d in t h e p r o o f o f L e m m a 2 .
Case 1: m = 2 .

A s s u m e wit h o u t lo s s o f g e n e r a lit y t h a t L1 a n d L2 a r e c h o s e n s o a s t o m in im iz e b1. Th is
m e a n s t h a t N ( x ) [ N ( y ) µ V ( A1 [ A2 ) . B y L e m m a 1 ( iii ) , e it h e r c = p o r d( x ) + d( y ) ·
p + 2 ¡ jz1

¡!
P z2j = p + 1 ¡ b1. If c = p, t h e n we a r e d o n e . L e t d ( x) + d( y ) · p + 1 ¡ b1, t h a t

is p ¸ d ( x) + d( y ) + b1 ¡ 1 . Th e n p = a1 + a2 + b1 + 1 ¸ d ( x) + d ( y ) + b1 ¡ 1 , im p lyin g t h a t

c ¸ jQ1j = a1 + a2 + 2 ¸ d( x ) + d ( y ) = d( x ) + d( y ) + m¡ 2 :

Case 2: m = 3 .
L e t xz1; yz2 2 E ( G ) fo r s o m e z1; z2 2 V ( P ) . If z2 Á z1 t h e n fxz1; yz2g is a vin e c o n s is t in g

o f t wo p a t h s ( e d g e s ) a n d we c a n a r g u e a s in Ca s e 1 . Ot h e r wis e we h a ve

N ( x ) µ V ( A1 [ A2 ) ; N ( y ) µ V ( A2 [ A3 )

a n d z1 ¹ z2 fo r e a c h z1 2 N ( x) a n d z2 2 N ( y ) . Th e r e fo r e , a1 +a2 +a3 ¸ d( x ) +d( y ) ¡ 2 a n d

c ¸ jQ1j = a1 + a2 + a3 + 3

¸ d( x ) + d( y ) + 1 = d( x ) + d( y ) + m ¡ 2 :

Case 3: m ¸ 4 .
Ch o o s e fL1; :::; Lmg s o a s t o m in im iz e m. Th e n c le a r ly

N ( x ) µ V ( A1 [ A2 ) ; N ( y ) µ V ( Am¡1 [ Am )

a n d z1 Á z2 fo r e a c h z1 2 N ( x ) a n d z2 2 N ( y ) . Ob s e r vin g a ls o t h a t

a1 + a2 ¸ d( x ) ¡ 1 ; am¡1 + am ¸ d( y ) ¡ 1 ;

we g e t

c ¸ jQ1j =
mX

i=1

ai + m = ( a1 + a2 + am¡1 + am ) +
m¡2X

i=3

ai + m

¸ d ( x ) + d( y ) ¡ 2 +
m¡2X

i=3

ai + m ¸ d ( x) + d ( y ) + m ¡ 2 :

L e m m a 3 is p r o ve d .

P r oof of T heor em 1: L e t P = x
¡!
P y b e a lo n g e s t p a t h in G.

Case 1: p · 2 ±.
If xy 2 E ( G) , t h e n b y L e m m a 1 ( i) , c = p. L e t xy 62 E ( G) . Th e n d( x ) + d ( y ) ¸ 2 ± ¸ p

a n d b y L e m m a 1 ( ii) , c = p.
Case 2: 2 ± + 1 · p · 3 ± ¡ 2 .

If c ¸ 3 ± ¡ 3 , t h e n c ¸ p + 2 ¡ 3 = p ¡ 1 . N e xt , if · = 2 a n d p ¸ 3 ± ¡ 1 , t h e n
p ¸ 3 ± ¡ 1 ¸ p + 1 , a c o n t r a d ic t io n . B y Th e o r e m C, c ¸ p ¡ 1 .
Case 3: p ¸ 3 ± ¡ 1 .

S in c e G is 2 -c o n n e c t e d , t h e r e is a vin e fL1; :::; Lmg o n P . B y L e m m a 3 , m · c ¡ d ( x) ¡
d( y ) + 2 · c ¡ 2 ± + 2 . U s in g L e m m a 2 , we g e t

c ¸ 2 p ¡ 1 0

m + 1
+ 4 ¸ 2 p ¡ 1 0

c ¡ 2 ± + 3
+ 4 ;

im p lyin g t h a t

c ¸
s

2 p ¡ 1 0 +
µ
± ¡ 7

2

¶2

+ ± +
1

2
:

Th e o r e m 1 is p r o ve d .
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